The singularities considered are those whose forms depend on the terms of the second degree only, when the origin of coordinates is at the singular point.
The object of this paper is to extend these results to surfaces. It is well known that if the equation of a system of surfaces con tain arbitrary parameters, and if a locus of ultimate intersections exist, then there cannot be more than two independent parameters.
Hence the investigation falls naturally into two parts : the first is the case where there is only one independent parameter, and the second is the case where there are two.
The investigation given in this paper is limited to the case in which the equation is rational and integral both as regards the coordinates and the parameters.
The Equation of the Surfaces is a Rational Integral Function of the
Coordinates and one Arbitrary Parameter.
In the case in which there is only one arbitrary parameter each suiface of the system intersects the consecutive surface in a curve whose equations are the equation of the surface and the equation obtained by differentiating it with regard to the parameter. These equations will be called the fundamental equations in this part. Hence each surface touches the envelope along a curve, which is called a characteristic. It is known that the equation of the envelope may be obtained by eliminating the parameter from the fundamental equations and equating a factor of the result to zero. But it frequently happens that there are other factors of the result (or discriminant as it will in future be called) which when equated to zero do not give the equation of the envelope.
Following out the same line of argument as that used in reference to a system of plane curves, it will be shown that these factors are connected with loci of singular points. Now if each surface have one singular point, then its coordinates may in general be expressed as functions of the parameter of the surface to which it belongs. Hence the locus of all the singular points of the surfaces of the system is a curve. Its equations, therefore, cannot be found by equating a factor of the discriminant to zero. But if each surface of the system have upon it a nodal line, then the locus of the nodal lines of all the surfaces is a surface, and it will be shown that its equation may be found by equating to zero a factor of the discrimi nant.
The singular points in space, the form of which depends only on the terms of the second order, when the origin of coordinates is taken at the singular point, are :
(i.) The conic node, where all the tangent lines to the surface lie on a cone of the second order.
(ii.) The biplanar node or binode. This is the particular case of the preceding, in which the tangent cone to the surface breaks up into two non-coincident planes. These planes are called the biplanes, and their intersection is called the edge of the binode.
(Hi.) The uniplanar node or unode. This is the particular case of the conic node, in which the tangent cone breaks up into two co incident planes. The plane with which these planes coincide is called the uniplane.
It is shown that a surface cannot have upon it a curve at every point of which there is a conic node. Hence there are two varieties of nodal lines to be considered; the first, being such that every point is a binode, may be called a binodal line; and the second, being such that every point on it is a unode, may be called a unodal line.
It will be proved that if E = 0 be the equation of the envelope locus, B = 0 the equation of the locus of binodal lines, U = 0 the equation of the locus of unodal lines, then the factors of the discrimi nant are in general E, Bs, U3.
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0 This is the general theorem, but it is assumed in the course of the investigation, when the discriminant is being formed, that the fun damental equations are satisfied by only one value of the parameter at each point on the envelope locus or on a locus of binodal or unodal lines.
The investigation is accordingly carried a step further, and it is shown that if the fundamental equations are satisfied by two equal values of the parameter at points on an envelope locus, or on a locus of binodal or unodal lines, the factors of the discriminant are E2. B3, U4.
The geometrical meaning of the condition that the fundamental equations are satisfied by two equal values of the parameter in the case of the envelope is that the line of contact of the envelope with each surface of the system counts three times over as a curve of intersec tion, instead of twice as in the ordinary case, or th at two consecutive characteristics coincide. The meaning of the condition in the case of the loci of singular lines is that each of these loci is also an envelope.
The results are given in the following 
The Equation of the System of Surfaces is a Rational Integral Function of the Coordinates and two Arbitrary Parameters.
In the case in which there are two arbitrary parameters in the equation of the system of surfaces, the equation of the locus of ulti mate intersections is found by eliminating the parameters between this equation and the two equations obtained by differentiating it with regard to the parameters. These equations will in this part of the investigation be called the fundamental equations.
In general the locus of ultimate intersections is a surface, for the coordinates of each point on it can be expressed as functions of the two arbitrary parameters. The exceptional cases in which it is not a surface are enumerated at the end of the paper. These include the case where the equation of the system of surfaces is of the first degree in the parameters. Hence it will be supposed that the degree of the equation of the system of surfaces in the parameters is above the first.
In general also the locus of ultimate intersections possesses the envelope property, and the equation of the envelope is determined by equating the discriminant, or a factor of it, to zero.
If factors of the discriminant exist which, when equated to zero, give surfaces not possessing the envelope property, then, as in Part I, it is shown that these surfaces are connected with loci of singular points. Now the locus of singular points of a system of surfaces whose equation contains two arbitrary parameters is in general a curve (not a surface), whose equations can be obtained by eliminating the two parameters from the equation of the system of surfaces and the three equations obtained by differentiating it with regard to the coordinates. Hence its equations cannot be determined by equating to zero a factor of the discriminant.
But if every surface of the system have a singular point, then in general its coordinates may be expressed as functions of the two parameters of the surface to which it belongs. Hence the locus of the singular points is a surface. It will be proved that it is a part of the locus of ultimate intersections. Hence its equations can be obtained by equating to zero a factor of the discriminant.
Let now E = 0 be the equation of the envelope-locus, C = 0 the equation of the conic node locus, B = 0 the equation of the biplanar node locus, U = 0 the equation of the uniplanar node locus. Now at any point on the locus of ultimate intersections-(I.) There may he one system of values of the parameters satisfying the fundamental equations.
In this case there may be envelope, conic node, or biplanar node loci; and the results are given in the following In this case the effect of the distinct values is additive. Thus if there be p systems of values at a point on the envelope locus, the factor E would occur to the p th power.
(
III.) Two or more systems of values of the parameters satisfying the fundamental equations may coincide.
The results must be stated differently in the cases («) where the degree in the parameters of the equation of the system of surfaces is greater than tw o; (/3) where the degree in the parameters of the equation of the system of sui'faces is two.
In the case (x) it will be shown that there may be envelop which the envelope has stationary contact with each surface of the system; conic-node loci, which are also envelopes; biplanar node loci, in which the edge always touches the biplanar node locus; and uniplanar node loci. The results are given in the following If the equation of the system of surfaces be of the second degree in the parameters, and the analytical condition hold which expresses that the fundamental equations are satisfied by two coinciding systems of values, then this condition requires to be specially inter preted. For now the second and third fundamental equations are of the first degree in the parameters, so that if they are satisfied by two coinciding systems of values, they must be indeterminate.
It is, however, possible to determine a single system of values of the parameters satisfying them. In this case the three surfaces repre sented by the fundamental equations intersect in a common curve (which is fixed for fixed values of the parameters) lying on the locus of ultimate intersections; whereas in the previous cases they intersect in a finite number of points lying on the locus of ultimate inter sections.
The surface of the system, corresponding to the fixed values of the parameters, touches the locus of ultimate intersections along the above-mentioned curve.
In general there are tioo conic nodes of the system at every point of the locus of ultimate intersections. The parameters of the surfaces having the conic nodes are determined by two quadratic equations, called the parametric quadratics; and in general the roots of each parametric quadratic are unequal. If the roots of both parametric quadratics are equal, the two surfaces having conic nodes are replaced by one surface having a biplanar or uniplanar node.
If the parameters of one of the surfaces having a conic node become i n f i n i t e , this surface may be considered to disappear, and there is bu one conic node at each point of the locus of ultimate intersections.
If the parameters of both surfaces having conic nodes become infinite, both these surfaces may be considered to disappear, and the locus of ultimate intersections is an envelope locus (touching each surface of the system along a curve).
If the parameters of both surfaces having conic nodes become indeterminate, then there are at each point an infinite number of biplanar nodes, and each surface of the system has a binodal line lying on the locus of ultimate intersections.
The results are given in the following It will be noticed that when the equation of the system of surfaces is of the second degree in the parameters, and the condition holds which expresses that the fundamental equations are satisfied by two coinciding values of the parameters, there is a reduction in the number of factors of the discriminant corresponding to the singular point loci, the factors C3, B4, U6 becoming C2, B3, U4 respectively.
The explanation is as follows :-The discriminant is formed by solving the second and third funda mental equations for the parameters, substituting each pair of values in the left-hand side of the first fundamental equation, multiplying the results together, and also multiplying by a rationalising factor. Now in the case where the degree of the equation in the parameters is the second, there is only one system of roots corresponding to the loci under consideration, whereas there are when the degree in the parameters is above the second. Hence this accounts for a diminution in the number of factors when the degree in the para meters is the second.
But this diminution is partly counterbalanced by an increase due to the fact that the rationalising factor vanishes at every point on the locus of ultimate intersections, and consequently increases the number of factors corresponding to the singular point loci. The result of the two causes is what has been stated above.
